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Questions

Q1.

1 +11x — 6x? B C
=A+ +
(x — 31 - 2x) (x—3 (1-2x)

(a) Find the values of the constants A, B and C.

1 +11x — 6x?

0= T 3020

(b) Prove that f (x) is a decreasing function.

(Total for question = 7 marks)
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Q2.

50x* +38x+9

£ = (5x+2)" (1 - 2x)

Given that f(x) can be expressed in the form

where A, B and C are constants
(a) (i) find the value of B and the value of C
(i) showthatA=0
(b) (i) Use binomial expansions to show that, in ascending powers of x

fxX)=p+qgx+rx®+ ..

where p, g and r are simplified fractions to be found.
(i) Find the range of values of x for which this expansion is valid.

(Total for question = 11 marks)
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Qs.

1
(a) Express P(11-2P) in partial fractions.

A population of meerkats is being studied.

The population is modelled by the differential equation

P 1 _
— =—P(1-2P), 120, 0<P<55
dr 22

where P, in thousands, is the population of meerkats and ¢ is the time measured in years
since the study began.

Given that there were 1000 meerkats in the population when the study began,

(b) determine the time taken, in years, for this population of meerkats to double,

(c) show that

A
P=

1
B+Ce?
where A, B and C are integers to be found.

(Total for question = 12 marks)
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Q4.

The curve C with equation

o p—3x o
Y -+

3,5

where p and q are constants, passes through the point ( ) and has two vertical

asymptotes with equations x =2 and x = -3

(a) (i) Explain why you can deduce that g =4
(i) Show thatp =15

v A

Figure 4

Figure 4 shows a sketch of part of the curve C. The region R, shown shaded in Figure 4, is
bounded by the curve C, the x-axis and the line with equation x =3

(b) Show that the exact value of the area of R is aln 2 + bln 3, where a and b are rational
constants to be found.

(Total for question = 11 marks)
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Q5.

(a) Use the substitution x = u? + 1 to show that

J.H] 3dx B Jw 6du
s (x-DB+2x-1) ), u(3+2u)

where p and g are positive constants to be found.

(b) Hence, using algebraic integration, show that

f” 3dr .
(x=1)[3+2dx-1)

where a is a rational constant to be found.

(Total for question = 10 marks)
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Mark Scheme

Q1.
Question Scheme Marks | AOs
1+11x 62" B C
=4+ +
(x=3)1-2x) (x=3) (1-2x)
(a) 1+11x—6x" = A1-2x)(x-3) + B1-2x)+C(x-3) = B=...C=... M1 21
Way 1 A=3 Bl 1.1b
Uses substitution or compares terms to find either B=_.. or C=_. M1 1.1b
B =4 and C=-2 which have been found using a correct identity Al 1.1b
)
(a) L . 14+11x—6x° N -10x+10
- p—— — = + _—
Way 2 flong diviston gives} T S = oad-2)
-10x+10= B(1-2x)+C(x-3) = B=..,C=... M1 21
A=3 B1 1.1b
Uses substitution or compares terms to find either B=_.. or C'=_. M1 1.1b
B =4 and €' =—2 which have been found using Al 1L1b
-10x+10= B(1-2x)+C(x-3) '
)
(b) F) =3+ 2 {=3:4(x—-3)"—20-207}: x>3
x-3) (-20
, . 4 M1 21
e T R e . S |
| -3 -2 Alf 1.1b
Correct '(x) and as (x—3) >0 and (1-2x)* > 0.
' : . : Al 24
then £'(x) = —(+ ve&) — (+ v&) < 0_so £(x) is a decreasing function
(3)
(7 marks)
Notes for Question
(a)
MI1: Way 1: Uses a correct identity 1+11x—6x" = 4(1-2x)(x—3)+ B(1-2x)+ C(x—3) ina
complete method to find values for B and €. Note: Allow one slip in copying 1+11x— 6"
Way 2: Uses a correct identity —10x+10= B(1-2x)+C(x—3) (which has been found from
long division) 1 a complete method to find values for B and C
Bl: A=3
MI1: Attempts to find the value of etther B or C from therr identity
This can be aclueved by eiffier substituting values mto their 1dentity or by comparing coefficients
and solving the resulting equations simultaneously
Al: See scheme
. Way 1: Comparing terms:
Noter | 2. _6=-24: x: 11=74-2B+C: constant: 1=-34+B-3C
Way 1: Substituting: x=3: -20=-3B—=B=4.x =%: 5 =—%C = C=-2
Note: | Way 2: Comparing terms: *: —10=-2B+C; constant: 10=5-3C
1 5
Way 2: Substitutmg: x=3: -20=-3B=5=4. x=_:5=—_C=C=-2
Note: | A4=3, B=4, C=-2 from no working scores M1BIMIA1
Note: | The final Al mark is effectively dependent upon both M marks
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Notes for Question Continued

(a) ctd
Nate: | Writing 1+11x—6x" = B(1-2x) + C(x—3) = B=4. C=—2 will get 1 MO0, 2 M1, 17 A0
Note: | Way 1: You can imply a correct identity 1+11x—6x" = A(1-2x)(x—3)+B(1-2x) +C(x-3)
1+41c-6x"  A(-2%)(x—3)+B(1-2x)+ C(x-3)
C—31-2%) x-3)1-29)
Note: | Way 2: You can imply a correct identity —10x+10= B{1-2x)+C(x-3)

~10x+10  _ B(-2x)=C(x=3)
r—31-2%) G—31-20)

from seeing

from seeing

(b)
MI1: Differentiates to give {f'(x) =} A(x-37 2 ul-2x" A, u=0

Alft: £'(x) = —4(x =3 —4(1-2x)7 ., which can be simplified or un-simplified

Note: | Allow Alft for £'(x) = —(their B)(x—3)~ +(2)(their C)(1-2x)~; (thewr B), (thewr C) =0

N e e+ 4
Al: filx)=-4x-3)"-4l-2x)" or f'(x)= T e

eg f'(x) = —(+ve) - (+ ve) < 0, so f(x) is a decreasing {function}

and a correct explanation

Note: | The final A mark can be scored in part (b) from an incorrect 4 =... or ffom 4 =0 or no value of
A found 1n part (a)

Notes for Question Continued - Alternatives

(a)
Naote: | Be aware of the following alternative solutions, by imtially dividing by "(x-3)"or "(1-2x)"
1+11x—6x _ bx-7 20 _3- - 20
"x-3)"1-2x)  (1-2x) (x-3)(1-2x) 1-2x)  (x—3)1-2x)
20 __ D E o 0=DU-29+E(x-3) = D=—4 E—-8
x-N1-2x) (x-3) (-2
3 10 A, B g, 4 2 4-3.B-4.0=22
(1-2x) | (x=-3) (1-2x)/ (x—=3) (1-2x)
1+11x—6x" Ix—4 5 5 5
. = + =3+ i
(x-3)"1-2x)"  (x-3) (x-3)l-2x) (x-3 (-3)1-2x)
i D L E o 5_DU-20+E(x-3)= D=-1,E=-2
x-31-20 (x-3) (1-2%
o3p— |y =2 3.4 2 4.3 B-4C=22
(x=3) (x-3 (1-2x)) x-3) (1-Zx)
(b)

Alternative Method 1:
_ 1+1Ix- 6x°

1+11x—6x" _|’n=1+11x—6.\'] v=—2x:+?.\'—3.',l

flx)=————. x>3 = f(x)= - —:
(x—3)(1-2x) -2 +7x-37 [w'=11-12x Vi=—dx+7
12 £ Tx 1112 1115 — 65y —dy 47 Uses quotient rule -
fiix)= (Ex T 3N _j ‘]I}__fr( +3 :'1 — B N d) to find f'(x) | ~
G2 +7x-3) Correct differentiation | Al
. =20((x-1)" +1
fix)= (Eli)ﬂ? and a correct explanation,
(—2x" +7x-3)
Al
eg fix)= _% = 0. so (x) is a decreasing {function}
+ ve

Alternative Method 2:
Allow M1A1A1 for the following solution:
4 2 .4 2
(x-3) (1-2x) = (x-3) (x-1)
4 decreases when x>3 and 2
x—3) (2x—1)
then T(x) is a decreasing {function}

Given f(x) =3+

as decreases when x >3
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Q2.
Question Scheme Marks ADs
@) 50x% +38x+9=A(5x+2)(1-2x)+ B(1-2x)+C(5x+2)
50x” +38: (5x+2)(1-2x)+B(1-2x)+C(5x+2) o 16
—=B=_ or C=__
B=landC=2 Al 1.1b
(a)(ii) Egx=0x=0=9=24+B+4C - )1
=0=24+1+8=A4=... ) -
A=0* Al* 1.1b
4
(b)() a2 .. 5 Y?
L _(sx+2)7=27 1+2x|
(5x+2) 2
M1 3.1a
or
(5x+2) =27+
( 5 2(=2-1)/5 Y
|l+—xl =1—2[—x +¥ e M1l | L1b
\ y ) 21 V2
.5 Y 15 75,
2"[1+—.\'] s 2xs By Al | L1b
2 4 4 16
1 -1 —-1(—-1-1) 2
—  =(1-2x) =1+2x+— —(2x) +. \ )
1=2%) ) 5i ) Ml | 1.1b
1 2 1 5 75 , .
_ ¢ = xt— 2+ Ax+8x
(5x+2) 1-2x 4 4 16 T dM1 | 21
9 11 203 ,
=—+—x+ X+
1 41 T x Al 1.1b
®)) x| <= Bl | 22a
.
(M
(11 marks)
Notes
(a)()

- . . . : 1
M1: Uses a correct identity and makes progress using an appropriate strategy (e.g sub x = Ej to find

a value for B or C. May be implied by one correct value (cover up rule).

Al: Both values correct

(a)(a1)

M1: Uses an appropriate method to establish an equation connecting 4 with B and/or C and uses their
values of B and/or C to find a suitable equation 1n 4.

Amongst many different methods are:

Compare terms in X = 50=-104+25C which would be implied by 50=-104+25x"2"

Compare constant terms or substitute X=0=29=24+B5+4C mmphedby 9=24+1+4x2
A1*: Fully correct proof with no errors.
Note: The second part 1s a proof so 1t 1s important that a suitable proof/show that 1s seen.

Candidates who write down 3 equations followed by three answers (with no working) will
score M1 A1 MO AD
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()(1)

1 g
M1: Applies the key steps of writing (—}, as (5x+ 2} * and takes out a factor of 272 to form an
5x+2)

expression of the form (5x+2 }_: =22 {l + *xj_z where * 1snot 1 or 5
Alternatively uses direct expansion to obtain 27> + __

. . . o 32 . .32
M1: Correct attempt at the binomial expansion of (1+ ’3x) up to the term in X

Look for 1+{—2]*x+(_2}2{_3}

*y” where * isnot 5 or .
Condone sign slips and lack of ** on term 3. ...
Alt Look for correct structure for 2° and 3" terms by direct expansion. See below
Al: For a fully correct expansion of (2 + 51’}_: which may be unsimplified. This may have been

combined with their 'B'

P . 2)(-3 ,
A direct expansion would look like (2+5x) =27 +(-2)27x 5):+L2(]2_1 x(5x)

M1: Correct attempt at the binomial expansion of (1 — Zx]_l

(-1)(-2)

Look for 1+ (—l:] “‘Jr—i—T“‘Jr2 where * 1s not 1

dM1: Fully correct strategy that 1s dependent on the previous TWO method marks.
There must be some attempt to use their values of B and C
A1l: Correct expression or correct values for p, g and ».

(b)(11)

) r o B |
B1: Correct range. Allow also other forms. for example - = = x =« = or x = (—1 = ]
5 5 5

Do not allow multiple answers here. The correct answer must be chosen if two answers are offered
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Q3.
Question Scheme Marks AOs
(a) 1 A B
Sets =—+
P(11-2P) P (11-2P) il e
Substitutes either P=0 or P =E into
2 M1 1.1b
1= A(11-2P)+BP= Aor B
2
_ 1 =&+ A Al | LIb
P(11-2P) P (11-2P)
3)
(h) Separates the variables
_ 22 ap= Bl |31a
P(11-2P)
2 dP
Uses (a) and attempts to integrate —+——dP=t+c¢ M1 1.1b
@ . . P (11-2P)
2]11P—2]n(11—2P]=r+c Al 1.1b
Substitutes =0,P=1=t=0,P=1= c=(-2In9) Ml | 3.1a
Substitutes P=2=¢=2In2+2m9%-2In7 Ml 3.1a
Time =1.89 years Al 3.2a
(6)
(© Uses In laws 2lnP-2In(11-2P)=¢-2In9
11{ il )zlr M1 2.1
11-2P) 2
1
Makes 'P' the subject::{ oF J:eEr
11-2P
1
= 9P =(11-2P)e? M1 | 21
L L,
zP:f{eﬂ)m:sz(ezJ
11
=>P=——=4=11B=2.C=9 . i
2+9¢ 7 :
(3)
(12 marks)
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Notes:
(a)
Bl1:

1 A B
Setgs — — ="+~
P(11-2P) P (11-2P)

. 11 .
M1: Substitutes P=0 or PZE into 1=A(11-2P)+BP=> Ador B

Alternatively compares terms to set up and solve two simultaneous equations in 4 and B

.
5

Al: —— 1 =—%1+7_ 7{ Lo equivalent N S +—

P(11-2P) P (11-2P) P(11-2P) 11P 11(11-2P)

Note: The correct answer with no working scores all three marks.

(b)
22
Bl:  Separates the variables to reach | ————dP = | 1dfor equivalent
P(11-2P)
A B .
MI1: Usespart(a)and | —+————dP=AlP+CIn(11-2P)
P (11-2P)

Al: Integrates both sides to form a correct equation including a 'c' Eg
2InP-2In(11-2P)=t+ec

MI: Substitutes f=0 and P =1 to find ¢

M1: Substitutes P =2 to find 7. This is dependent upon having scored both previous M's

Al: Time = 1.89 years

(©

M1: Uses correct log laws to move from 2In P—2In(11-2P)=t+c to ]11( 2 )—lrﬂi

11-2P) 2

for their numerical '¢'

M1: Uses a correct method to get P in terms of e

1
This can be achieved from 111( 1= %r +d = T PjP =2 followed by cross

multiplication and collection of terms in P (See scheme)

1
Alternatively uses a correct method to get P in terms of e 2 For example

(1

P La 11-2p Ak 11 i) 11 (Lr-4]
=e! = —e? T 2=eW? ':>—=2+e-|'-' | followed by
11-2P P F P
division
. . , 11
Al:  Achieves the correct answer in the form required P=———— = A=11LB=2.C=9 oe

—t
=

249 °
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Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) | The asymptote 1s found where 2x—g =10 Bl | This mark 1s given for explaining that
Hence o = 4 the asymptote at x = 2 1s a solution of
? 2-g=0
V= p;}’x M1 | This mark 1s given for substituting x =3,
(2x—4)x+3) 1
y=—- (andg=4)
1 p-9 2
2 (6-9)(3+3)
(b) 15-3x 4 - B M1 | This mark 1s grven for a method to use
2x—Hx+3) 2x—-4  (x+3) partial fractions
_ 18 24 M1 | This mark 1s given for finding values for
2x-4)  (x+3) Aand B
_ 09 24 Al | This mark 1s given for a fully simplified
(x-2 (x+3) eXpression
15-3x . S
I= | —— =™ dx M1 This mark 1s given for a method to
(Zx—4)(x+3) integrate to find the area of R
=mh2x-4HH+nkhx+3)
=09In(2x—4)+24In(x+3) Al | This mark 1s given for a correct
expression for the area of R
AreaR= 0_9]11(2x_4) —24 ]Il(_r“l‘ 3} i M1 This mark 1s gi‘i.'en for dBduCi.ng arn
: expression for the area of R
(¥=0whenx=73)
=[091n6-24n8]-[09In2-241n6] M1 | This mark 1s given for a method to find
=[0916+241n6]—[721n2+09n2] the exact area of R
=33In6-81In2
=33In3+33In2-811n2
=33In3-48ln2 Al | This mark 1s given for a correct value of

the area of Rwitha=33 and 5 =48
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Q5.
Question Scheme Marks AOs
@ |y el = dr=2udu oe Bl | Lb
2
Full substitution | - 3dv = - 3):_?; ,d'“ M1 1L1b
t_x—l]{3—2 ;——1) (_u"+1—1)t_3+2u]
Finds correctinits e.g. p=2,g=3 Bl 1.1b
|3 2Adu _ Gdu A .
u” (3+2u) u(3+2u)
&)
(b) 6 4 _ B
=—+-= = A=__B= M1 1.1b
w(3+2u) w 3+2u
6 2 4
Correct PF. — -=—- Al 1.1b
w(3+2u) u 3+2u
6 du - dmMi 31a
———=2nu-2 +2u +C
ju(3+2u] hu-2h(3+2u)  (+) AlR | Lib
Uses limits y ="3" i ="2" with some correct In work
) . . . T M1 1.1b
leading to klnd  Eg E.21n3—2]n9.:|—[21n2—21:1?_:|=21ng
49 ; )
36 Al 21
(6)
(10 marks)

Notes: Mark (a) and (b) together as one complete question

()
i d du 1, al
B1: dx =2udw or exact equivalent. E g. —r=2nr, i=—tJtc—1] 2
du dr 2

M1: Attempts a full substitution of x =2 +1, including dx — ._xdy to form an integrand in terms of u.
Condone slips but there should be an attempt to use the correct substitution on the denominator.

B1: Finds correct limits either states p =2 g =3 or sight of embedded values as limits to the integral

Al%: Clear reasoming including one fully correct intermediate line, including the integral signs, leading to the

given expression ignoring limits. So B1. M1, B0, A1 1s possible 1f the limits are incorrect, omitted or left
as 5 and 10.

(b)

M1: Uses correct form of PF leading to values of 4 and B

6 2 4

Al: Correct PF— S
u(3+2u) wu 3+2u

(Not scored for just the correct values of 4 and B)

dM1: This 1s an overall problem solving mark. It 1s for using the correct PF form and integrating using Ins.
Look for Plau+Qln(3+2u)

Alft: Correct integration for their 4, F

v 3+2u
M]1: Uses their 2 and 3 as lumits, with at least one correct application of the addition law or subtraction law
leading to the form klnbor lna . PF's must have been attempted. Condone bracketing ships. Alternatively
changing the 's back to x’s and use limits of 5 and 10.

Al: Proceeds to ]nﬁ Answers without working please send to review.
36

— Alnu + % In(3 + 2u) with or without modulus signs



Partial Fractions - Year 2 Core PhysicsAndMathsTutor.com





